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ABSTRACT: AdS3 vacua of topologically massive gravity (TMG) have been shown to be
perturbatively unstable for all values of the coupling constant except the chiral point uf = 1.
We study the possibility that the warped vacua of TMG, which exist for all values of u, are
stable under linearized perturbations. In this paper, we show that spacelike warped AdSs
vacua with Compere-Detournay boundary conditions are indeed stable in the range uf > 3.
This is precisely the range in which black hole solutions arise as discrete identifications of
the warped AdS3 vacuum. The situation somewhat resembles chiral gravity: although
negative energy modes do exist, they are all excluded by the boundary conditions, and the
perturbative spectrum solely consists of boundary (pure large gauge) gravitons.
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1 Introduction

Topologically massive gravity (TMG) [1, 2] is an interesting extension of three-dimensional
gravity which contains both propagating degrees of freedom as well as black hole solutions.
The action of TMG is obtained by adding to the usual Einstein-Hilbert action with a pos-
itive Newton constant a gravitational Chern-Simons contribution, with coupling constant
1/p. As for the usual Einstein-Hilbert action, TMG may also be supplemented with a
negative cosmological constant —1/¢2.

A particular vacuum of TMG with a negative cosmological constant is AdSs, which
also contains the BTZ black holes [3, 4]. For arbitrary Chern-Simons coefficient, the
AdSs vacuum suffers from perturbative instabilities. However, it was noted in [5] that
at the special point uf = 1, the AdS3 vacuum is stable and the theory has a purely chiral
spectrum [6], once we impose Brown-Henneaux boundary conditions [7, 8]. It has been
shown in [9] that the quantum partition function of chiral gravity has all the required
features for the theory to be dual to an extremal CFT [10]. The existence of extremal
CFTs remains an open question [11].

AdSj3 is only one of various possible vacua of TMG with a cosmological constant. As
shown in [12-16], less symmetric vacua known as warped AdS3 occur as classical solutions
to the equations of motion. These solutions are specific to TMG, i.e. they are not solutions
of pure Einstein gravity with a cosmological constant. Their defining property is that
they are real line fibrations over AdSs preserving a single SL(2,R) isometry of the original
SL(2,R)r, x SL(2,R)r AdS3 isometries, along with a non-compact U(1) isometry generated
by translations along the fibre coordinate.

The warped vacua of TMG fall into three types: spacelike, timelike and null warped,
depending on whether the norm of the Killing vector generating the U(1) isometry is pos-
itive, negative or zero. Each of the first two types can be further classified as stretched
(1l > 3) or squashed (ul < 3) depending on the magnitude of the warp factor. The fact
that these background spacetimes are not asymptotically AdS3 makes them very interest-
ing to study, since we could hope to develop new types of holographic correspondences.
In [17] such a correspondence was proposed and the central charges of the putative CFT
were conjectured.!

Quotients of warped AdS3 along various Killing directions may give rise to black
holes [17], in perfect analogy with the BTZ case in AdSs. Black hole solutions free of
closed timelike curves (CTCs) can only be found in spacelike stretched and null warped
AdSs3. One can also consider quotients of spacelike warped AdSs along the U(1). Such
geometries have Killing horizons and no CTCs, they resemble the self-dual solutions in
AdSs3 [26]. Thus, the spacelike warped TMG vacua seem the most interesting to study.

The subject of the present article is the classical stability of these spacetimes. Special
attention will be given to the spacelike stretched case, which is richer and better understood.
The stability about a certain background depends on the selection of consistent boundary

'Related questions have been tackled in the case of the Kerr/CFT correspondence [18], and in the recent
subject of theories dual to non-relativistic CFTs [19, 20]. Warped AdS3 has also been studied in the context
of string theory [21-25].



conditions. For example, the propagating mode of TMG in an AdS3 background carries
negative energy, thus rendering the theory unstable. Chiral gravity is spared because the
massive graviton disappears from the spectrum at pf = 1, for Brown-Henneaux boundary
conditions [7, 8]. There exist several consistent choices of boundary conditions for TMG
in AdSs [27, 28], but only the more restrictive ones exclude the negative energy modes.

We find a similar situation for propagating modes in spacelike stretched AdSs. While
the massive gravitons of warped AdSs have negative energy, we will see that they do not
obey the Compere-Detournay boundary conditions [29, 30], which are the only consistent
set of boundary conditions proposed in the literature. Thus we discard the massive gravi-
tons from the physical spectrum. These boundary conditions are still relaxed enough to
allow the stretched AdSs black holes, which was the original reason they were studied.

Having discarded the propagating modes from the spectrum, all we are left with are
pure (large) gauge modes. It is well known that if these excitations fall off slowly enough
near the boundary of the spacetime they should be included in the physical phase space.
The analysis of the asymptotic symmetry group in spacelike stretched AdSs performed
in [29] shows that the energy of such pure large gauge modes has to be positive. Incidentally,
for our proposed boundary conditions the only remaining excitations have definite chirality.
This is quite reminiscent of what happens in chiral gravity.

While we find strong evidence for the stability of stretched AdSs, the case of squashed
AdS3 remains inconclusive. The main culprit is our lack of understanding of the boundary
of this space and of a set of consistent boundary conditions. Nevertheless, all the explicit
and implicit propagating solutions to the linearized TMG equations of motion that we
found hold equally well for squashed as they do for stretched AdSs, and they can be used
to study the stability of this spacetime once the aforementioned issue is overcome.

The organization of this paper is as follows: in section 2 we review the TMG action,
warped AdSs3 backgrounds and black holes. In section 3 we describe our general procedure
for gauge-fixing, finding the linearized solutions to the TMG equations of motion, impos-
ing boundary conditions and computing the energy density of the gravitational waves. In
section 4 we display the explicit highest weight propagating solutions and compute their
energy. We also study general propagating solutions. In section 5 we display the bound-
ary conditions for stretched AdS3. We conclude with a discussion in section 6. Various
derivations and expressions are presented in the appendices.

2 Preliminaries I: the background solution

In this section we discuss the basic framework and the background warped AdS3 geometry
that we will work with. We also review the black hole solutions obtained from discrete
global identifications of the background and the asymptotic structure of these solutions.

2.1 The action

The action for topologically massive gravity (TMG) [1, 2] is

1
I da/— = Auy P o, r” r’ 2.1
™G = 167 G / €T |:R + 2,“* € \o (a + 3 3 ur Vp>:| ( )



where €12 = +1/,/—g and p is a dimensionful coupling with dimensions of mass. While
it is well-known that pure three-dimensional gravity possesses no propagating degrees of
freedom, the addition of the higher derivative term introduces a new, massive, propagating
degree of freedom, the so-called massive graviton. When linearizing TMG about flat space,
the mass squared of the propagating graviton is p?.

It will prove to be convenient to introduce the new quantities £ and v, defined as

1 3v
In terms of these, the TMG equations of motion are given by
1 1 l
RNV — §Rguy — 6—29;“/ —+ 3_I/CMV = 0 (23)
where
1 o 1
Cuw = 3%n Val| Rgw — Zgﬁ”R (2:4)

The Cotton tensor, C},,, is symmetric, traceless and conserved and vanishes on shell for all
Einstein solutions.

2.2 Warped AdSs; backgrounds

All solutions to pure 3d Einstein gravity with a cosmological constant have vanishing
Cotton tensor, so they are automatically solutions of TMG. Nevertheless, there also exist
nontrivial solutions particular to TMG, such as the warped AdS3 solutions, which come in
several types [15-17, 31].

We will focus on the vacuum solution known as spacelike warped anti-de Sitter space,
with metric:

dr? 42
_|_
1+7r2 1243

62
T 2+3

ds? —(1+rY)dr? + (dz + rdr)? (2.5)
where 7,7,z € (—00,00). The boundary of this space resides at r — +oo for fixed z and
x — too for fixed r. To simplify our formulae, we will often use the warp factor

2v

—— 2 2.
. ac (2.6
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If @ > 1 the spacetime is called stretched, whereas if a < 1 it is called squashed. Finally,
a = v = 1 corresponds to global AdSs5.

The above coordinates are geodesically complete, as reviewed in appendix A. Further-
more, the constant 7 slices are spacelike for all r, thus rendering 7 as our global time

2 <1, 0, is a globally defined timelike Killing vector; however, for

coordinate. When v
v? > 1 it becomes spacelike at large r. Thus for 2 > 1 our spacetime resembles the region
within the ergosphere of a rotating black hole, in the sense that there can be no static
observers. It is global identifications of this spacetime with 2 > 1 that give rise to black

hole solutions with no CTCs [17].



A way to understand the isometries of spacelike warped AdSs is to notice that for
v =1, the metric (2.5) describes AdSs when written as a Hopf fibration over AdSs

ds® = g —(1+ 7’2) dr? + dr? + ﬁ(dac + rd7)2 (2.7)
4 1+ 72 4 ’
—_———
A&%Q fibre

The six isometries of AdSs form the group SL(2,R); x SL(2,R)g. The SL(2,R)g, which
is generated by the L1, Lo Killing vectors below, leaves the expressions in each of the
parentheses invariant. It is then apparent that upon turning on a # 1, the isometry group
of the space will be SL(2,R)r x U(1)r, where U(1), - which is noncompact - is generated
by z-translations. The Killing vectors are

Lo=1i0; , Jo=—i0, (2.8)

~ ; r 1
Liq =+t [ —— Oy TiV14+120, + —— 8;,;) 2.9
! <\/1—|—’I“2 i V1412 (29)

and they obey the usual SL(2,R) algebra under Lie brackets:
[il, f/_l] = 2i0 R [Eil,ﬂo] = iiil s [Jo,f/j] = 0, ] S {0, il} (210)

In terms of the original AdSs Killing vectors, the SL(2,R)r generators are preserved
by the warping, together with the Jy Killing vector of the SL(2,R);, isometries. The rest
are explicitly broken. Note that in spacelike warped AdSj3 there is no Killing vector with
compact orbits: the isometry generated by Lo — Lo, which was such a Killing vector in
AdS3, is explicitly broken by the warping.

2.3 Warped AdSs black holes

As mentioned in the introduction, TMG contains black holes which are locally spacelike
stretched AdSs. The metric is given by

ds? 9 di?
St o)
+ —

F (302~ 1)p 4 (2 43 ) A/ (21 8)) i (21)

where 6 is identified by 27. The inner and outer horizons are given by r_ and ry which

+ <2m: —ryr— (V2 + 3)) dtde

are positive. Note that the above black holes are free of CTCs only for v > 1. As
discussed in [17], these black holes are obtained from discrete global identifications of
spacelike stretched AdSs. They are analogues for the case of warped AdSs of the BTZ
black hole in AdSs. In fact, when v = 1 the metric becomes the BTZ metric in a rotating
frame. We note that slices of constant ¢ and 6 are both spacelike for 7 > r,. However, the
metric is everywhere Lorentzian.

The mass and angular momentum are related to r; and r_. There is a continuous
spectrum of black holes all the way to r,. = r_ = 0, where we find warped AdS3 in Poincaré
coordinates with 7 identified. Following the analogy with BTZ in AdSs, we would expect



that lowering the energy below the black hole continuum we should find a mass gap, with
global stretched AdSs being the ground state. This is in fact not the case, and it can be
shown that there are no values of 4 for which the metric is both real and has a global
SL(2,R) x U(1) isometry. Thus, the vacuum (unquotiented) space is not part of the family
of spacetimes (2.11). This is in agreement with the fact that global warped AdSs has
no Killing vectors with compact orbits, a property that the metrics (2.11) clearly do not
share.?

It has been shown [31] that the black holes (2.11) obey the first law of thermodynam-
ics, once one employs the Chern-Simons corrected entropy formula [32-34]. In [17] this
entropy formula has been suggestively rewritten as the entropy of a thermal state in a

two-dimensional CFT with unequal left-and right-moving central charges

(5% + 3)¢ 4vl

- _ = 2.12
R v(v?+3)G’ ‘L (v2+3)G (212)

2.4 Asymptotic behavior

In order to answer questions about boundary conditions, we need to understand where the
boundary circle lies in the geometries of interest, since the conserved charges are constructed
as integrals over this circle.

Let us start with the warped black holes of the previous section. The boundary circle
consists of two disconnected pieces, one at ¥ — oo and one at ¥ — —oo, and each is
parameterized by 6. Asymptotically, the warped black hole metric can be written as

ds®>  3(v? —1)7%do? di?

2 4 + (12 + 3)r2 + di” + 2vrdtdf + hydatde (2.13)

where the ‘perturbation’ h,, falls off at least one power of 7 faster than the background [29].
The precise form of the boundary conditions defined near this boundary are given explic-
itly in [42].
Note that the asymptotic form of (2.11) and (2.5) are the same, given that
one identifies® ) )
T<—>7(V +3)9, e T $<—>7(V +3)(t_VTOG) (2.14)
2 2v
Nevertheless, for global warped AdSs both 7 and z are noncompact, so this identification
only holds locally at asymptotic infinity. Moreover, it is not quite clear where the boundary
circle lies in these coordinates. If we consider a surface of constant 7 - which is always

spacelike and always intersects the boundary, we find that the induced metric is
ds? = a?dz* + do®, o =sinh 'r (2.15)
Thus, the boundary circle consists of four pieces:

r — +oo, x finite , x — +oo, r finite (2.16)

2We are grateful to A. Strominger for making this point.

3We define ¢ = 7MW+S).

2v



This is the same conclusion that one reaches when studying the boundary of AdSs in fibered
coordinates (see appendix A). Quotienting along various Killing vectors [17] gives the black
holes (2.11). These quotients act on the boundary and split it into two disconnected circles
at r — +o0.

3 Preliminaries II: first order perturbation theory

Having discussed the background geometry and its asymptotic structure, we now delve
into the linearized equations of motion. We also define the notion of energy, for both
propagating and pure large gauge solutions, that we will use to test stability.

3.1 Linearized perturbations around warped AdSs

Our goal is to study linearized perturbations around the background (2.5), and find out
whether they can destabilize the spacetime. The linearized equations of motion for a metric

perturbation Ay, read

1 1 14
RY - <§R+ €—2>h,w ~Low=o (3.1)

where
RY = %(vkv“my + VA, iy — VAV — vuvyhg)
cl) = ¢,2%v, <R§3 - ihﬁyR> e, 08T, (RBA - ing> (3.2)
5T, = % (Vi + Vol = V) (3.3)

All derivatives are taken with respect to the background metric (2.5).

When studying perturbations around AdSs, the fact that the background is maximally
symmetric drastically simplifies the third order linearized equations of motion. It can then
be shown [5] that if one chooses to work in harmonic gauge

V,h =0 (3.4)

the equations of motion (3.1) take the form Dy D Dghyy, = 0, where Dy are three com-
muting linear differential operators. Of the three distinct solutions that one gets for generic
1 away from the chiral point, only one describes the propagating massive graviton, while
the other two are pure (large) gauge [5]. It is apparent that the condition (3.4) did not
completely fix the gauge redundancy in the problem.

Due to the fewer symmetries of the warped AdSs background, we were unable to bring
the equations of motion to an analogously simple form. The most elegant option not readily
feasible, we have decided to attack these equations on two fronts:

e fix the gauge completely and solve the linearized equations of motion. In this way,
we are sure to only be describing the propagating mode.



In agreement with our expectations, the equations of motion decouple.* While the equation
we obtain is in principle tractable, for the purposes of this article it is only the asymptotic
behavior of the solution that is relevant, so we leave its full analysis for subsequent work.

e use the SL(2,R)r x U(1)r isometry of the background to classify perturbations. As
is well known, linearized solutions to the equations of motion must fall into represen-
tations of the isometry group of the background. The most commonly encountered
representation of the above isometry group is the highest weight one. We thus con-
sider a basis of perturbations 1, that are eigenfunctions of U(1);, and belong to a
highest weight representation of SL(2,R)r

J0¢;w = k¢uu ) I~/O¢uu = W¢uu ) I~/1¢uu =0 (3'5)

While it is not true that all solutions to the equations of motion can be written as a
superposition of SL(2,R)z highest weight states and their descendants, such perturbations
are a physically relevant subclass of solutions, especially from the point of view of the
AdS/CFT correspondence. Even though our analysis is not exhaustive, it still proves
sufficient for the purposes of this article, as will soon become clear.

The solutions of physical interest can be split into two types:

e propagating, if the metric perturbation cannot be written as v, = L¢ g,, for any
diffeomorphism &£*. Here g, is the background metric (2.5).

e pure large gauge, if 1, = L¢ g, for some diffeomorphism &# that does not vanish
‘sufficiently rapidly’ at asymptotic infinity.

The propagating modes are easy to find: one first chooses a gauge such that all the
gauge freedom in choosing the metric components is fixed, and then proceeds to look for
solutions to (3.1) which have a wavelike behavior. In appendix B we describe such a gauge
fixing for the case in which the gravitational waves have a nontrivial dependence on the
coordinate x. An appropriate gauge-fixing for the z-independent case has been described
in [35].

Since we will concentrate our attention on highest weight solutions, we would like to
find a gauge which preserves the highest weight property. This basically requires that we
gauge-fix only using diffeomorphisms that commute with L; and have appropriate weights
under Lo and Jp.

Pure large gauge perturbations automatically satisfy the linearized equations of mo-
tion. Whether they are physically relevant is determined entirely by the choice of boundary
conditions, as will be reviewed in the next section. The pure large gauge modes are by def-
inition those which generically carry nontrivial conserved charges as measured at infinity,
and thus are physically relevant. For example, in pure Einstein gravity in AdSs, propa-
gating modes do not exist and it is precisely the pure large gauge modes that correspond
- upon quantization - to states in the dual CFT. A general procedure for computing the
conserved charges, finding a set of consistent boundary conditions and determining which
are the ‘large’ gauge transformations is presented below.

4We have assumed though that we can concentrate solely on separable momentum eigenstates.



3.2 Consistent boundary conditions and the asymptotic symmetry group

The quest for consistent boundary conditions for the metric perturbations in a given back-
ground spacetime proceeds in several steps:

1. locate the boundary of the background spacetime
2. impose boundary conditions on the metric fluctuations at asymptotic infinity
3. find all the diffeomorphisms that preserve the boundary conditions

4. show that the boundary conditions are consistent, which requires computing all the
charges associated with the asymptotic symmetry generators and showing that they
are conserved, finite and integrable. If infinities are found, one may need to impose
additional boundary conditions, or altogether change the ones that were originally
proposed. The asymptotic symmetries are defined to be those allowed diffeomor-
phisms which have nonzero conserved charges on a generic allowed background.

5. find the Dirac bracket algebra of the asymptotic generators, which form the asymp-
totic symmetry group (ASG) [7], together with its eventual central extension.

The conserved charges Q¢ associated with the asymptotic symmetry generators {# can
be computed in a variety of ways. A particularly nice formalism has been developed in [36].
If g denotes the background metric and h,, a perturbation satisfying the boundary
conditions, then the conserved charges Q¢[h,g] are constructed as surface integrals over
the spacelike boundary 0% of the (n-dimensional) spacetime

Qclh gl = | K Ph,g] (3.6)
[2)>

where K("=2) is a particular n— 2 form constructed from the linearized equations of motion
for h,,. The explicit expression for K (1) for TMG is given in [29].

The above expression for the charges is valid for finite (as opposed to infinitesimal)
hyuw when a certain property called asymptotic linearity holds, which takes the form

where dg,, is any perturbation of the background metric consistent with the boundary
conditions. This is because the expression (3.6) was derived for linearized perturbations
0h,, around a given background, and one needs to integrate over a path in phase space
in order to find the charges associated with finite departures from the background metric.
Thus, the general expression for the charges is

Qclh.g) = / pig | K0 15g.9() (3.8)

where « is a path in phase space which connects g, to g, + hy,. The above integral
only makes sense if it is independent of the path ~, which reduces to the requirement of
charge integrability

Q¢[oh1, g + Sha] — Q¢[dha, g + 6h1] — Q¢[0h1 + dha, g] =0 (3.9)



for any background metric g, allowed by the boundary conditions.
Integrability needs to be checked for warped AdSs, as the theory is not asymptotically
linear in this background. Besides integrability, one also needs to check finiteness of the

generators (3.8) and conservation.’

3.3 The energy-momentum pseudo-tensor

In order to address the question of stability, we need to compute the energy of the various
gravitational perturbations [37—40] and find its sign. Using the formalism from the previous
section, the energy in question is just the charge associated to the relevant Killing vector
(07 in this case) of the back-reacted gravity solution.

In this section we follow the discussion in [9]. If we let {#0, = O, and hy, be some
perturbation of the background metric g, , then it can be shown that the expression for

the energy is
1

167G

Qclh. 5] = /2 ~(€" ER)[hW]da) (3.10)

where E,SQV) are the TMG equations of motion at second order in perturbation theory,

1)

evaluated on a solution h,(w of the linearized equations of motion. X is a spatial slice at
constant 7 and x denotes the Hodge star operation. The quantity —E!(g,) (h(l)) is sometimes
also called the energy-momentum pseudo-tensor, because it sources the linearized equations

of motion for the second order metric perturbation. It reads

v

4
2 2 2

where GE?,,), C’g) are the Einstein and the Cotton tensor, respectively, evaluated to second
order in the perturbation hf},,) Since we are building plane waves along x, what we will
actually be computing is the energy density of a gravitational wave in the z-direction,
which is given by
1
Ep = [ drv/—gg™"EZ¢” 3.12
P 167G / T g9 g § ( )

and try to establish its sign.

4 The massive gravitons

We find explicit highest weight solutions and the asymptotic structure for all solutions to
the linearized equations of motion. The energy density of the highest weight solutions is
found to be negative. However, we discard the modes by imposing boundary conditions.

4.1 Highest weight solutions

We consider the following Ansatz for the metric perturbation
fi(r) fa(r) f3(r)

Yy (r,1m,3) = fo(r)e'F=T) | fo(r) fa(r) f5(r) (4.1)
f3(r) f5(r) Cs

°In fact, conservation of the charges Q¢ should hold by construction; however for relaxed boundary

conditions one must check conservation by hand.

,10,



If we first solve the highest weight condition, we find that the functional form of the solution

is completely fixed, up to six constants C;, i = {1,...,6}, subject to rescaling by an overall
factor. The function fg(r) takes the form
fo(r) = bt r(1 4278 (4.2)

while the ratios of the metric components take a relatively simple form

fi(r) = Cs +rCy+1%Cy

falr) = m (C4— 20y +2r (Cs — Cy — C5) —12.Cy)

f3(7') =Cy+rCy

falr) = m@cz —C3— Cs+17(Cy —201) — 12 Cs)

f5(7') = ﬁ(@ —Cs — T’Cl) (4.3)

Next, we gauge-fix in such a way that the highest weight condition is preserved. It turns

out that as long as

k(k* +a®) #0 (4.4)
then one can always set Cs = f3(r) = f5(r) = 0 (actually f5 = 0 follows from the previous
two conditions). This amounts to setting three of the constants (C; = Cy = Cp) to zero.
Next, one plugs the gauge-fixed highest weight perturbation into a subset of the linearized

equations of motion, which can be written as

C3
Av =20 , A€ Msys , U= Cy (4.5)
Cs
The determinant of A is
det A = k*(a* + k) (E* + (w = 2)H)(a* = k2 + a®*(F* — 1 —w + w?)) (4.6)

Thus, if det A # 0, the only solution is C'5 = Cy = C5 = 0 and we conclude that all highest
weight modes of this form are pure gauge. If det A = 0 we get a non-pure gauge mode,
obtained when v is in the kernel of A. The constants C54 are then determined in terms of
C5 via the equations of motion.

Since we are looking for square integrable solutions, v,,,, and the range of x is infinite,
k must be real. For the classical analysis we are performing, we should also take w to be
real. Thus we obtain a propagating mode only if

1 1 5
For convenience, let us also define
1 5 — 4a?
- 4.8
w2 =5 4/ — (4.8)

Given that w, k € R, we can distinguish several cases

— 11 —



e ¢ < 1. All values of k are allowed, while
w € (—o0,ws2) U (wy,00) (4.9)

In this particular squashing parameter range, we have 1 < w; < (1 + v/5)/2 and

(1-5)/2 <wy <0,

e l<a< @ In order to have w € R, |k| must be bounded above as

12 < 5—4a®

S m a- while w2 S w § w1 (410)

In this parameter range, we have % <w <land 0 <wy < %

° a> é Then there is no highest weight propagating solution to the linearized TMG
equations of motion in this background.

In summary, a propagating highest weight mode takes the form

L ik filr) fa(r) O
Y (T,7,2) = me fa(r) f4(()7“) 8 (4.11)

with w given by (4.7), fi(r) by (4.3) with C; = Cy = Cs = 0 and C3 4 given in terms of Cs
in the appendix. Moreover, k is subject to the restrictions mentioned above.

4.2 Energy

Our next task is to compute the energy of these modes using (3.12). Since the physical
metric perturbation must be real, we take

h,uu = O”b,tw +a* (T,Z),uy)* (412)

Also, given that our wave solutions are 9, eigenfunctions and the energy is obtained by
integrating over a whole spatial slice at constant 7, the energy of a single k-mode will
diverge. Thus, it is more appropriate to consider the energy density of the modes per unit
length in the z-coordinate. Finite energy configurations are then obtained by generating
linear combinations of the k-modes with compact support in x.

The expression for the energy density is analytically tractable but extremely lengthy
and unilluminating. Its salient feature is that it can be written as a rather simple integral:

2l<: tan= " r
Ep = |aCs)? /dr Py Zr bn(k,a) Z I,(k,a)by(k,a) (4.13)
=0
where we have defined
o] rn e2k: tan™" r
b= [ aTir v sl (414)
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One finds that the above integrals are non-divergent if Re[w] > % and n < 8. Thus we
should only restrict ourselves to the upper branch (wy) of solutions (4.7), given that the
lower branch (w_) always has divergent energy density.5 For n < 8, the integrals I,, obey
a recursion relation

Q=n+1)I, =2kl 1+ n—Dlh_s, Q=2w+6 (4.15)

so we can rewrite the whole expression for the energy in terms of Iy(k,a). It turns out
that for the entire allowed range of k Iy(k,a) is real and positive, whereas the coefficient
multiplying it is always negative. We thus conclude that

Ep <0, Vae(0,2) & Yk allowed. (4.16)

4.3 The asymptotics save the day

At first sight, the fact that the energy of the propagating highest weight modes is always
negative may sound discouraging as far as the stability of warped AdS3 is concerned.
Nevertheless, an important point is that a theory is not only defined by its Lagrangian,
but also by boundary conditions to be imposed on the fields.

Consider the expression (4.11) for the highest weight modes. The asymptotic behavior

of the metric perturbation is”
h’TT ~ 7027“} ) th ~ rliw ) h’TT‘ ~rTY )
Py ~ rY s Py~ T_Q_w ) g ~ T_l_w (417)

Note that as r — +oo the perturbation roughly falls off by a factor of »~ faster than the
components of the background metric. A set of boundary conditions for stretched AdSs
proposed in [29, 30], and further elaborated in section 5.1, require that perturbations fall
off at least by one power of r faster than the background metric. Thus we are instructed
to only include those highest weight modes which have

w(k,a) > 1 (4.18)

in the spectrum.

For stretched AdSs, a > 1 and w(k,a) < 1. Thus we can conclude that all the
highest weight, negative energy propagating modes are excluded from the spectrum of TMG
in stretched AdSs backgrounds. We will see in the following section that we can in fact
exclude all propagating modes from the spectrum of TMG if a > 1.

Notice that the presence of even a single negative energy mode in stretched AdSs
renders the theory unstable. The reason is that the a > 1 theory contains black holes [17],
which have positive energy in our conventions. It has been quite customary in the context
of TMG [1, 2] to reverse the sign of Newton’s constant GG, which amounts to reversing the

5The ‘superradiant’ modes with complex wi have Re[w] = %7 so they carry infinite energy density and
thus must be discarded.
"Note that when w; — w_ € Z then logarithmic asymptotic behavior is also allowed. This occurs in

stretched AdS3 only for a < % and at isolated values of k in squashed AdSs.
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sign of the energy. In asymptotically flat space, the only allowed configurations are negative
energy massive gravitons, and switching the sign of G seems to render them harmless for
the stability of TMG about flat space. The sign of Newton’s constant is fixed by requiring
that the black holes have positive energy, and no further discussion is possible.

In the case of squashed AdSs, a < 1 and all modes have w(k,a) > 1. Thus they are all
allowed by the boundary conditions (5.1) so long as we take wave packets with compact
support in z. Nevertheless, it is unclear whether these boundary conditions make sense in
the case of squashed AdSs3.

Finally, for a = 1 - which is just AdS3 - the negative energy modes have w = 1 and are
thus allowed by the boundary conditions, both (5.1) and Brown-Henneaux.® Nevertheless,
we already knew that the propagating mode would have negative energy - since the limiting
AdS3 case must have pf = 3, so it is away from the chiral point.

4.4 General propagating solutions

We will now decouple the linearized equations for the propagating mode. Again, we assume
that the perturbation of interest is an eigenmode of energy and z-momentum, and thus it
can be written as hy,, (1,7,2) = ¢!®=“7h (r). The k = 0 case has already been found
in [35] and will be discussed in the next subsection. Whenever k # 0, we can safely impose
the gauge

hyz =0 (4.19)

as shown in appendix B. We therefore consider the metric Ansatz

A —(L+7?)gi(r) g2(r 0
hy (7,7, 20) = gl(kr—wr) go(r) (1+7r%)"1gs(r) 0 (4.20)
0 0 0

The coupled system of equations (3.1) decouples as follows
g3"(r) + A(r) gs'(r) + B(r) gs = 0 (4.21)

where
B R
AN =aroem s YT areeee

and P,(r) are nth degree polynomials in r, whose coefficients depend on k, a and w.

(4.22)

The expressions for Py 5¢6(r) are given in appendix C. The existence and regularity of the
solutions to (4.21) can be analyzed using Frobenius’ method. For more details we refer the
reader to appendix D. All we need from (4.21) is the asymptotic behavior of the solutions.
Following appendix D, we know that as » — £o00 the solutions behave as

1 & Qg
g3(r) = o . s (4.23)
s=

8At a = 1 the boundary conditions (5.1) are more restrictive than Brown-Henneaux boundary conditions,
as they only allow half of the usual AdSs asymptotic symmetry group.
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where « is a solution to the indicial equation

ala+1)—apax+by=0 (4.24)
with
2 _ V2 4 g2
ap = lim rA(r) =2, by= lim r*B(r) = (a )f ta (4.25)
r—00 r—00 a

It is easy to see that the solutions are simply oy = wy defined in (4.7). Consequently, near
r — 400, the solution behaves as

g3(r) ~r~“* (4.26)

The remaining metric components have a similar asymptotic behavior gy a(r) ~ r~“*.
Notice that we recover precisely the asymptotic behavior (4.17) of the highest weight modes.
There is one difference though, in that highest weight modes were obliged to have w =
wi (k,a), whereas no such relation is necessary in the case of general propagating modes.

In fact, if we consider an arbitrary but decoupled time dependence for the mode, i.e.
hy (1,1, 2) = f(7)€*hy,(r), the equations of motion imply the same asymptotic falloff
for r as they did for the energy eigenstates. This agrees with the expectation that we
can construct generic solution by superimposing various highest weight modes and their
descendants, and possibly modes that belong to different SL(2, R) representations.”

In conclusion, we find that the most general propagating solution to the linearized
equations of motion of TMG has the same asymptotic behavior as the highest weight
modes do. The discussion in section 4.3 still applies and, for stretched AdSj3, we can
invoke boundary conditions which exclude all propagating modes from the spectrum. The
remaining pure gauge modes form the subject of the next section.

4.5 Solutions with £k =0

Before we move on to the pure gauge modes, let us make a few comments on propagating
solutions with & = 0. As emphasized in appendix B and elsewhere, our gauge-fixing
condition does not apply in this case.

The appropriate gauge-fixing condition and equations of motion were written down
in [35], which studied the problem by dimensionally reducing it to propagation in AdSs.
The authors found that the propagating mode obeys an equation of the form

odh — m2dh — 2 _ _M
20 —mp=0, m"= 7 (4.27)
It is not hard to show that the asymptotic falloff of the solution to this equation is the
same as our (4.17), if we set k& = 0. Thus, propagating modes with k£ = 0 are allowed
or disallowed by the boundary conditions just as their & # 0 counterparts. This is to

In the analysis of [41] it was noted that w obeyed a quantization condition, w = w4 +n, n € ZT. This
quantization condition stemmed from the requirement that the solution be well-behaved near the origin
of AdSs. Due to the complexity of our equations, we have been unable to obtain a similar quantization
condition, although it is likely that it exists.
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be expected, as different ways of gauge-fixing should not affect the allowed spectrum of
the theory.!°

One further check that the equation (4.27) of [35] and our results indeed agree, is to
compare the conformal weight and mass of the k = 0 graviton. Consider a scalar field of
mass m which propagates in spacelike warped AdS3. We look for a highest weight solution
of the form

O(r, 7, x) = e kT (1) (4.28)
The conformal weight of the scalar is determined in terms of the mass m as
Lo (L o) v b rzme, o= L (4.29)
W = = — — — m = —— .
2 (Z2 4 ’ y2 + 3
Comparing the above result with w,, we note that the graviton behaves as a scalar field
of mass % )
(v —1
m? = ——— (4.30)

This coincides exactly with the result of [35] for the £ = 0 case.

5 Boundary gravitons

Here we propose a set of boundary conditions for global stretched AdS3, which are a slightly
modified version of those put forth in [42] for the asymptotic black hole spacetime (2.13).

5.1 Boundary conditions for stretched AdSs

The boundary conditions we use for the asymptotic metric (rescaled by (v? + 3)I=2) at

large r are
Grr = (CL2 - 1)72 +r hTT + O(TO) ; Grr = TﬁlhT?‘ + O(T72)
Grz = ar + th + O(T_l) ) Grax = a2 + r_lhxx + 0(7_2) )
Gor = O(r™?) , Grr =17 24730 + O™ (5.1)

The perturbations hy, (7,z) of the background metric would generically yield nontriv-
ial conserved charges, while the terms written as O(r"™) do not contribute to the con-
served quantities.

These boundary conditions were developed in [29, 30] for the black hole metrics, where
7 is identified and the boundary lies at large r only. As noted in section 2.3, global
stretched AdSs is not part of the black hole phase space, and the boundary has a piece
that lies at r finite and x — +oo. Therefore, the boundary conditions listed above must
be supplemented by conditions on the falloff of the metric components at large . We have
not studied precisely what these restrictions look like, but we always consider wave packets

tll

which die off sufficiently fast'' as x — +oc.

1071 the case of the propagating modes, one can check whether the falloff of the gauge-invariant quantities
respects the boundary conditions.

HFor example, a falloff as |z|™2 at large |z| seems more than sufficient to ensure the finiteness of the
charges.
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Following our checklist from section 3.2, we need to make sure that the above boundary
conditions yield charges which are finite, integrable and conserved. A first thing to note is
that TMG with the above boundary conditions is not asymptotically linear. Thus, integra-
bility, finiteness and conservation of the charges for all finite h,, that obey the asymptotic
equations of motion must all be considered. This has been rigorously done in [42] for
asymptotically warped black hole geometries. As we show in appendix E, for fast enough
asymptotic falloff at large |x| the charges do not gain ay additional contributions from the
integrals along x or r, so consistency of the boundary conditions for global stretched AdS3
follows from consistency of the very related boundary conditions for the black holes.

5.2 Pure large gauge modes

In this section we will be exclusively working in the warped black hole coordinate sys-
tem (2.11). Given that the boundary conditions (5.1) have excluded all propagating modes
from stretched AdSs, all the remaining physical excitations in our theory must correspond
to pure large gauge modes: diffeomorphisms that do not fall off fast enough near the

boundary at 7 — oo. In [29], they were shown to take the form

¢ =10+0(5). F=-iro+on. €=g0+0(3) 62

As reviewed in section 3.2, to each non-trivial large diffeomorphism there corresponds a gen-
erator of the asymptotic symmetry group. By expanding f(6), g(f) in Fourier modes, [29]
found the ASG to consist of one copy of the Virasoro algebra and a U(1) Ka¢-Moody
algebra. The Virasoro acquires a central extension, with positive central charge

(502 + 3)¢

which precisely confirms (half of) the conjecture in [17] and moreover ensures that all ener-
gies are positive. We thus conclude that stretched AdSs with the boundary conditions (5.1)
is perturbatively stable at the classical level.

For v < 1, 6 cannot be identified in the coordinates (2.11), as the resulting spacetime
would have CTCs. We can thus no longer use the boundary conditions of [29]. The
boundary conditions (5.1) could in principle still hold, since our coordinate 7 is noncompact.
Thus, if (5.1) are extendable to a full set of consistent boundary conditions for squashed
AdS3, then we conclude that the latter spacetime is unstable, since the negative energy
propagating modes are not excluded. Whether such an extension is possible for squashed
AdSs is very unclear.

6 Summary and open questions

In this note, we have addressed the issue of the stability of spacelike warped AdS3. We
have found explicit propagating massive gravitons living in the highest weight representa-
tion of the SL(2,R)g isometry group and the asymptotic falloff of all propagating momen-
tum eigenstates.
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Our highest weight solutions obey an equation of the form

ot +0 Ly —12+ 8= D el g2 6.1
+L— — Ly 0 a2 u uy — a)wuu ()

1

2
We have not managed to recover such an elegant equation in terms of the quadratic Casimir
from the general linearized equations of motion. The only exception is for £ = 0, where
it was obtained by [35]. We suspect, however, that under the appropriate gauge choice
and field redefinition this is possible for all values of k. The fact that we have obtained
a decoupled second order wave equation for a single component of the perturbation is
evidence in this direction.

The explicit solutions we have obtained have negative energy density, however for
a > 1 they do not obey the set of boundary conditions discussed in section 5. Imposing
those boundary conditions leads us to discard all propagating solutions from the physical
spectrum about spacelike stretched AdS3. We take this to be strong evidence that TMG
has a stable set of vacua for a much larger range of the Chern-Simons coefficient, i.e. uf > 3,
than simply the chiral point uf = 1. To fortify this claim, it would be interesting to explore
the possibility of a positive energy theorem in the context of warped AdSs in TMG [43-45].
If stability indeed holds, one might suspect that an initial AdS3 configuration in TMG,
which is known to have perturbative instabilities, decays to stretched warped AdSs.

We should point out that the boundary analysis in [29] only gave rise to a Virasoro
extension of the right-moving isometry group, together with a U(1) Ka¢c-Moody algebra.
In particular, it did not give rise to the left moving, centrally extended, Virasoro pro-
posed in [17]. It would be very interesting if new consistent boundary conditions were
found for warped AdS3, which yield two copies of the Virasoro algebra as the ASG, with
the expected central charges. Using the explicit negative-energy solutions found herein,
it should be possible to immediately check the stability of warped AdS3 with the new
boundary conditions.

One of the puzzling features of global stretched AdSj is that it does not clearly have
the same asymptotic structure as the stretched AdSj3 black holes. It is unclear therefore
what the meaning of a partition function for stretched AdSj is in this case, since one would
like to sum over configurations with the same asymptotic behavior. It is possible that one
would need to replace the global vacuum by the r;. = r_ = 0 black hole.

We should also point out that stretched AdSs could still be unstable at a nonpertur-
bative level.

Another open question is whether there exist boundary conditions under which the
negative energy propagating solutions can be discarded in the squashed warped AdSj
vacua. If we extrapolated the proposal in (5.1) we would conclude that the solutions are
true instabilities. On the other hand, a different set of boundary conditions resembling
those discussed in [18] may lead to an exclusion of all the propagating solutions for the
squashed case as well.

We have also noted the propagating solutions exhibit some interesting properties in
their own right. For instance there is a qualitative difference between the conformal weight
of the stretched and squashed solutions. In particular, for the squashed solutions the
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conformal weight is real for all allowed values of v and k, whereas in stretched AdSj it
is only real for a small window of parameter space given by k? < %. When the
weight becomes complex, the solutions propagate in the r-direction as well and thus there
is a flux of energy escaping the boundary. This is highly reminiscent of the behavior of a
scalar field in the near horizon geometry of the extremal Kerr black hole as was studied
in [46]. In fact, [46] noted that this behavior was related to the superradiance of rotating
black holes and we suspect a qualitatively similar phenomenon might be occurring in the
stretched warped AdSs3 background, had we not discarded the solution.

It may also be worth noting that the mass squared of the massive gravitons (4.30)
becomes negative for the stretched case. Furthermore, when the warp factor satisfies
a® > 5/4, the frequency of the highest weight solutions becomes complex for all values of
k. It would thus be interesting to explore the behavior of the theory in these regimes.

Finally, we would like to point out that for the squashed case there is another candidate
for a potentially stable vacuum given by timelike squashed AdSs. This spacetime is related
to spacelike squashed AdS3 by an analytic continuation in the coordinates given by 7 — ix
and x — —i7T. Thus our expressions for the highest weight solutions are closely related
to the ones we have obtained. On the other hand, there are no black hole solutions or
consistent boundary conditions known for this spacetime and it would be interesting to

explore such questions.
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A Properties of global warped AdS3

We review the geometry of global AdS3 expressed as a Hopf fibration over AdSy and show
geodesic completeness of spacelike warped AdSs.

A.1 Global vs. fibered coordinates in AdS3

The simplest way to picture AdSs is as a Lorentzian hyperboloid embedded in R?2. If the
coordinates on Minkowski space are X% X1, X2, X3, then AdSs is the surface!?

X2 -X?-X34+X2=1 (A1)

Different coordinate systems are obtained via different embeddings. To obtain AdSs in the
usual global coordinates

ds* = — cosh? pdt® 4+ dp? + sinh? p d? (A.2)

2We have set the AdSs radius £ = 1.
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with ¢ ~ ¢ + 27, we use the following parametrization

X% = coshpcost, X! =sinhpsing
X3 = coshpsint, X2 =sinhpcos¢ (A.3)
On the other hand, to obtain AdSj3 in the fibered coordinates
ds? = i [— cosh? o0 dr? + do® + (dz + sinh o dr)?] (A.4)
we use the following embeddings
o

X9 = cos T cosh z cosh g + sin T sinh z sinh —
2 2 2 2 2 2

X! = sin T sinh z cosh g_ cos T cosh z sinh g
2 2 2 2 2 2
X% = —cos % sinh % cosh% — sin % cosh % sinh%
X3 = —sin % cosh % cosh% + cos % sinh % sinh% (A.5)

Note that in both cases we need to decompactify the time coordinate to avoid CTCs.
The coordinate transformation between the above coordinate systems is quite compli-
cated, but with the help of the embeddings we immediately find

—2(X°X! — X2X3) = sinho = sin(t — ¢) sinh2p (A.6)
—2(X°X?% 4 X' X3) = cosho sinha = — cos(t — ¢) sinh2p (A.7)

In the remainder of this section, we review the structure of the global AdS3 boundary
in the coordinates (2.5) [26, 47, 48], in the hope that they will help the reader improve his
or her intuition about this kind of spaces.

In usual global coordinates (A.2), the boundary is at p — oo and is famously a cylinder,
parameterized by ¢t and ¢. We would like to find out where the boundary lies in terms of
the fibered coordinates (A.4) which are also global, but both 7 and = are noncompact.

Using (A.6) we see that in order to reach the boundary at p — oo, we must take
o — +o0o whenever ¢t # ¢ mod 7. Thus the boundary cylinder of AdSj3 is parsed by null
strips of 0 — co and ¢ — —o0, as shown in figure 1.

Next, we have to understand what happens on the null lines on the boundary t =
¢ mod mw. Note first that all ¢ = constant hypersurfaces end on these null lines on the
boundary. From (A.6) and (A.7) we conclude that

cos(t — ¢) sinh2p
\/1 +sin?(t — ¢) sinh? 2p

sinhx = —

(A.8)

Thus, as we increase t (with ¢ fixed), z varies from —oo to 0o on the pink (o — 00) strips,
while it varies from co to —oo on the blue (0 — —o0) strips. Note that if we would like to
go around the ¢ circle at fixed ¢ (say 0 < t < ), we first fix 0 — oo and take z — —o0,
then fix x at this value and take 0 — —o0, then fix o and take x from —oo to oo, then cross
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Figure 1. A chromatic depiction of the way the fibered coordinates cover the AdS3 boundary
cylinder. Blue strips have ¢ — —oo while pink strips have 0 — +o0.

back to the o — oo strip while keeping x — oo. Thus it is quite a bit more complicated to
describe the compact direction on the AdS3 boundary in the fibered coordinates.

In conclusion, in terms of the fibered coordinates (A.4), the boundary of AdSs consists
of the two apparently disconnected pieces at ¢ — +oo, but which are in fact connected at
x — *£00 into the expected boundary cylinder.

A.2 Geodesic completeness

We review the geodesic completeness of warped AdSs [46, 47].'2 Note that for a® = 1, our
coordinates have been proven in [26] to be complete, i.e. they parameterize in a one-to-
one fashion the full embedded hyperbola. It is also clear that the coordinates are global
for a = 0.

The two conserved quantities associated to the Killing vectors £€;) = 0, and 5{1) =0

are given by

dzt(A) () dz(\) dr(\)

T = Jzx + Gro—
ax -t A A

dzt(A) L(n) dz(\) dr(X)

X g = Y9rzx d\ + 9rr dN

=-p (A.9)

= —e (A.10)

where ) is the affine parameter and p and e are constants. The equation ds?> = 0 determines

the equation obeyed by 7(\):

p? — e%a® + 2epa’r(\) — pA(—1 4 a®)r(\)? + L*a®r (a)*> = 0 (A.11)

13Geodesic completeness means that all geodesics are extendible to arbitrarily large positive and negative
values of their affine parameter. In particular, boundary points are only reached at infinite affine parameter.
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where L? = ¢2/(v? + 3). The null geodesic equation can be solved exactly for r(\). For
a’? # 1 and p # 0 we find in the limit of large r

r(A) ~ e A, (A.12)

Given that r spans the whole real line, it is clear that the points at infinity are not reached
for any finite value of the affine length. Also interesting is the fact that for a? < 1 the
null geodesics carrying non-vanishing momentum along the z-direction are confined within
r < oo [47].

We can also examine the equations obeyed by 7 and x

A (e—pr
T(\) = %/}\0 dni(l +1;(7(77)72)) (A.13)
1 r(n)(—e r
() = = AO dn (—Lfa2 + (”)f n rTﬂz;g(n))) (A.14)

Since there are no poles in the integrands, one sees that the infinities of v and 7 are not
reached for any finite value of \.
Timelike geodesics obey the equation ds? = —d\?, which leads to

p? — e2a® + L?a® + 2epa’r(\) + (—p2(—1 +a?) + L2a2) r(N)?2 + Lia®' (N2 =0 (A.15)
Once again, the solutions found asymptotically to be of the form

VT2
r(\) ~ e 1% A (A.16)

For a? < 1 the geodesics are confined. For a? > 1 we find that the geodesics can touch the
boundary whenever p? > L2a%/(a® — 1), which is qualitatively different from the timelike
geodesics in AdS3. For the special value of p> = L%a?/(a? — 1) with a? > 1 our timelike

geodesics soften to the form
r(A) ~ A2 (A.17)

In this case too, however, the boundary is reached only at infinite affine parameter. Thus,
our spacetime is timelike and null geodesically complete.

B Gauge-fixing

In this appendix we present a careful derivation of the gauge-fixing condition h,, = 0,
which holds for all modes with k& # 0.

Let us write the background 3d metric as
ds? = g, datdx” + a(dz + A, dz") (B.1)

where for the rest of the section p € {0,1} and
dr?

ds? = —(1+7r?)dr? + —
59 (+T)T+1+T25

A=rdt (B.2)
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The inverse metric reads

g = < g | 4 ) (B.3)

— AV‘G,*Q + A2
while the 3d Christoffel symbols are

2
3 2 a” oo 2
( )szw = )FZ” + Egp (AvFue + AuFyo) s Fuw = Ay — 9)A, = Loe (B.4)

2
O, = T8, 4, — T AT Fyy + AuFyo) + %(8MA,, +a,A,) (B.5)

a? a?
D= 590" Fp, D=5 AR, TL=T5=0 (B.6)

Next, the strategy is as follows: we consider small perturbations of the background metric

gMN = guN + hun (B.7)

and expand them in Fourier modes in z

hw(x, 2) = /dkz hl(fy)(x) etkz hy-(z,2) = /dkz al(f)(x) ek
e 2) = [ dho® @) ™ (B.3)

We would now like to gauge-fix these perturbations. Under a general diffeomorphism, to
leading order, the perturbation hpsny transforms as

Shvn = Vuén + Vnéu (B.9)
The action of the above diffeomorphisms on the Fourier modes of the metric perturbation is
5h,(fu) = vugyg) + Vuf,(ﬁ) - GQ(AVFM + AuFuo)(fETk) - Aafgk)) — (VA + vau)ggk)

dalf) = 9,60 + ik &) — P Fa (& — ANW) 5" = 2ik ¢ (B.10)

where 51(\2) are the Fourier modes of the diffeomorphisms. Now we turn to gauge fixing. It
is quite easy to see that we can set

o*) = a;(f) =0, kK#0 (B.11)
by fixing the corresponding modes of the diffeomorphisms. In this case, h,(fy)

is gauge-invariant.
We need to use a slightly different gauge-fixing for the zero-modes. ¢(©) is clearly gauge
(0)

invariant, while a;~ can also be set to zero. The residual gauge transformations satisfy

1
£y = A0 + S 9,60 (B.12)
One can use this residual gauge freedom to set the trace of h,(g,) to zero. Indeed

Sh =2V ,£f) — 2a° AMF €l — 2V, AMEY) = —20> AMF, £ (B.13)
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which we can set to zero by choosing Q(LO) = ng)AH. All gauge freedom is fixed this way.
We therefore conclude that a completely gauge-fixed form of the perturbation for k # 0 is

‘ h(k) 0
harn (@9, k) = v [ Z2 (B.14)
010
while for £k = 0 we could have
ROl o
harn(a”,0) = ( : ¢(0)> rn® = (B.15)

or alternatively use the gauge employed in [35].

C Various expressions

The expressions for the coefficients C34 which enter the solution of the highest weight
propagating modes read

(14 a®) (-1 +w)(—2—a®+w)Cs

B e - ) B e ) (C.1)
o — @V I+ a2 (24 at + w2+ (3 - Ww)w) + (1 +w(=5 + )))Cs
T (C.2)

V—a2(-1+a® + (-1 + w)w) (=2 + a*(—2 + w) + w — a?(—4 + w + w?))

The expressions for the polynomials P56 which enter into the linearized equations of

motion for the propagating modes are
Py(r) = a*w? [a6+a4w2—|—kz2(—4a2—1—|—w2)]
+2atkw [a6—a2(1—|—4/<:2)+2a4(—1+w2)+2k2(1+w2)]7“
+[a2(—1+a2)k2(—3a4+a6+k2—a2(1—|—4k2))+a4(a6—4a2k2+6k4+a4(1+6k2))w2] 2
+2a'k [aQ (—1—a2—|—a4)—|—(3—4a2+2a4)k2—|—2k4} wr3
+a’k? [—k2+a2(1+2a2—3a4+a6+(6—4a2+a4)k2+k4)] rd (C.3)
Ps(r) =—2[athw (a0 —a?(1+4k%)+ 20 (1 +02) + 2% (14+6%) )|
-2 [aQ (k:2 (~1+a?)(-3a* +a +k*—a® —4a*k?)
+a2(a4—2a6—i—3k:2+8a2k2+6a4k2—|—6k4)w2—3a2(a4+k2)w4>} r
12atkw [2a6—2a2(1+4k2)+a4(—7—6kz2+10w2)+k2(1—6k2+10w2)]r2
4a? [—k2(1+k2)(a4+k2)+(a6—4a2k2+6k4+a4+6a4k2)w2}r3
+6a'k [aZ(—l—a2+a4)—|—(3—4a2+2a4)k2+2k4} wrd

+2a2k? [—k2+a2 (1+2a2 —3a4+a6+(6—4a2+a4)k2+k4>} 7 (C.4)
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Ps(r) = a®w? [alo—k4(1+w2)+a8(3+2w2)—a4k2(3+4w]2) (C.5)
+a2k2(—1+2k2+2w2+w4)+a6(3k2+3w2+w4)]
+2a2kw [(—1+a2)(a4+k2)(a2 +at + 2k +2(2a5 4+ 208 +- 202k — K
—a*(14+4k*))w? + 3 (a* + k2w | r
+[(—1+a2)k2(a4+4a6—2a8+a10+a4(2+3a2)k2+(—1+2a2)k4)
+a? (a8 (-3+5a%+2a*) +2a* (14-6a* (-3 +a?))k* —2(3—8a? +12a*)k* — 6k5)w?
—|—a2(2a6(4—|—a2)—|—a2(7—4a2—i—15a4)k2—|—(—1—|—15a2)k4)w4} 7
+2a2kw [Qalo—2k4(4+/<;2+w2)+a8(—1+4k2+4w2)+a4(1—8k4—2w2+k2(10—8w2))
+2a6(3(—1+w2)+k2(—9+5w2))+2a2/<;2(—3+7w2+k2(4+5w2))}r3
+[—k2(a2+k2)(—2k2+a2(2+4a2—7a4+7a6—2a8+(10—7a2+4a4)k2+k4))
+a%(a®(1+a?)? +a?(5+5a% —9a* +12a°) k>
—l—(—5+44a2—24a4+15a6)k4+3(—2+5a2)k6)w2]r4+
—|—2a2k:[a4(—1—{—a2)2(1—|—a2)—|—a2(—1—|—12a2—11a4+4a6)k:2
H6+160 — 80"+ 3a° )k + (-2+ 30k | wr?
—|—{(—1—|—a2)k2(a2+k2)<—k2+a2(1+2a2—3a4—|—a6—|—(6—4a2+a4)kz2+k4 )>]r6

The asymptotic form of the ratios of these polynomials that appear in the equations of

motion is
a? —1)(a® + k?)
272

A(r) = % +0(r72%), B(r)= ( +0O(r3) (C.6)

D Analysis of the linearized equation of motion

In section 4.4 we have obtained the equation of motion for the propagating mode of TMG,
which takes the following form

2’I,U w
le?—i-f(z)d——i-g(z)wzo (D.1)

dz

The variable z is real in our case, but it could in principle be complex. The above differential
equation is said to have a regular singular point at z = zy if f(z),g(z) are not analytic at
20, but (z — 20) f(2) and (z — 20)2g(z) are [49].

If the differential equation only has regular singular points (or no singular points at
all, which occurs when f(z),g(z) are analytic in the whole domain of definition), then
solutions to these equation can be constructed. If the singularities of f and g are worse
than above then the equation is said to have irregular singular points and oftentimes the
solutions cannot be found.
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In our case, as long as P, does not have roots of multiplicity more than one which do
not occur concomitantly with roots of Ps, the differential equation has only regular singular
points. The behavior of the solution in the neighborhood of such a point is given by (we
set zg = 0 for simplicity)

o
w(z) = 2% Z asz® (D.2)
s=0
where « is called the exponent or index of the singularity and satisfies the equation
afa—=1)+ foa+ g0 =0 (D.3)

where fg, go are the constant terms in the Taylor expansion of zf(2), 22¢(z) around zg = 0
o0 o

zf(z) = Z fs2®, 229(3) = ngzs (D.4)
s=0 s=0

The expression (D.2) for the solution to the differential equation has radius of convergence
equal to the radius of convergence of the Taylor expansions (D.4). There are two solutions,
corresponding to the two roots of the indicial equation (D.3). If the solutions coincide or
differ by an integer, one of the solutions acquires a logarithmic term.

The regular singular point can also occur at infinity, in which case we change variables
to u = 271, The equation (D.1) can be rewritten as

2'I,U w
Z? —i—p(u)ccll—u +q(u)w =0 (D.5)
with
plu) =22 —2°f(z),  q(u) = 2"g(2) (D.6)

The coefficients that now appear in the indicial equation are the constant terms in the
expansion of 2 — zf(z) and 2z2g(z) as z — oo. One can easily show that if « is a solution
of the following indicial equation

ala+1)—poa+qo=0 (D.7)

where

|ﬁ

»

z 25

=32 =% (D.8)
s=0 0

then the solution asymptotically takes the form

Q

w(z) = Zia > = (D.9)
s=0

N

In conclusion, what must be done is to find the zeroes of Py(r), make sure they do not
lead to poles of multiplicity higher than one in A(r), and match the solutions on the
different patches.
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E Consistency checks of the boundary conditions

As reviewed in section 3.3, the conserved charges in the Barnich-Brandt formalism [36]
are constructed as boundary integrals of a given one-form, K, which is determined by the
equations of motion of the theory. For TMG, the appropriate form of K, = €,,,F""" was
given in [29]. In this section, we consider the charges

Qg = Kudm“, (El)

0%
where 0% is the boundary of global warped AdS3. We reduce the questions of their integra-
bility, finiteness and conservation to the question of consistency of the boundary conditions
for the black hole spacetimes (2.11). The latter is answered in the affirmative in [42]. Since
we do not know what precise contour the boundary circle of global warped AdSs follows,
our strategy is to analyze each component of the integrand K,. While we do restrict
ourselves to linear perturbations around global warped AdS3, we believe that the sim-
ple structure we find also holds for perturbations around any background allowed by the
boundary conditions (5.1).
The asymptotic symmetry group is generated by diffeomorphisms of the form

ST = f(T) ) fr - _Tf/(T) ) 51 - F(T) (Ez)

Let E,,(7,x) be the linearized equations of motion for the asymptotic perturbation h,,,,
and let E,(ﬁ) (7, ) be its indefinite integral with respect to x: BxE,(fy) (1,2) = Ep(1,2). We

find the following very simple structure
K. =r- f(1)E) +0(°)
K, = f(7)E,, + 0,(something) + O(r~!)
e =00 (E.3)

The equations of motion imply that the divergent part of K, is simply an integration
constant which is in fact zero [42].

If we impose restrictive enough boundary conditions at large z, it is clear that K, and
K, will in fact vanish since they only get contributions from |z| — oo, which are eliminated
by our unspecified boundary conditions. The expression for the charges is then identical to
the warped black hole case, except for the range of the 7 integration. Consistency of our
boundary conditions immediately follows, since the charges have been proven to be finite,
integrable and conserved at the full nonlinear level for the warped black hole case.

This analysis strongly points towards the consistency of the boundary conditions (5.1)
for an appropriate falloff at large |z|. However, one must still prove the integrability of
the charges and show that similar simplifications occur for the full asymptotic equations
of motion. Also, it is not clear how restrictive the boundary conditions in |z| can be.
In particular, it is not a priori clear whether wave packets are allowed by our boundary
conditions for all time: if we start with a wave packet localized in the |z| direction, it may
spread to large z in time.'* While wave packets in stretched AdSs are already excluded by
their r-falloff, it would be nice to better understand the boundary conditions at large |x|.

We are grateful to G. Compere for pointing this out.
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